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In this paper we consider the class of functions Kc introduced by W. Matuszewska
(1964, Studia Math. 24, 271–279) and W. Matuszewska and W. Orlicz (1965, Studia
Math. 26, 11–24). As a main result we describe, in terms of the class Kc , when
two strictly increasing functions, as well as their inverse functions, are asymptoticaly
equivalent in the strong sense. This result also gives a proper characterization of
the class Kc . © 2001 Academic Press
1. INTRODUCTION AND RESULTS
The well-known regularly varying functions f : a+∞ → 0+∞ a >
0 in the sense of Karamata are deﬁned as measurable functions satisfying
the condition
lim
x→+∞
f λx
f x = rλ < +∞ λ > 0 K
Because of the analysis of the divergence processes, instead of the con-
dition (K) a more general condition
lim
x→+∞
λ→1
f λx
f x = 1 Sch
has been considered in many papers.
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It was done ﬁrst by R. Schmidt in 1925 [14] in a sequential form. The
last condition as a Tauberian condition played an important role in papers
[8, 18, 19] by Stanojevic´ and Grow, then in papers [15–17] by Stadtmu¨ller
and Trautner, and in many other papers related to the background and the
applications of the theory of regularly varying functions (see, e.g., [5]). In
particular, Berman [3, 4] called the continuous functions satisfying condi-
tion (Sch) “regularly oscillating” functions and found some important appli-
cations of such functions. Cline [6] also considered the condition (Sch) and
developed the entire theory of functions satisfying this condition. He called
such functions the “intermediate regularly varying” functions.
In papers [9–13], W. Matuszewska and W. Orlicz introduced and investi-
gated a class of continuous functions on the interval 0+∞, which they
called the class of ϕ-functions.
Deﬁnition 1. A function f is a ϕ-function if f : 0+∞ → 0+∞,
f 0 = 0, f is continuous and nondecreasing on 0+∞, and f x → +∞
as x→+∞.
In [11, 13] they also introduced and investigated the class of functions
Kc , which is a subclass of the class of all ϕ-functions.
Deﬁnition 2. Kc is the set of all ϕ-functions f with the property
lim
x→+∞
f αxx
f x = 1 (1)
for an arbitrary continuous function α : 0+∞ → 0+∞ tending to 1 as
x→+∞.
Denoting by
kf λ = lim
x→+∞
f λx
f x λ ∈ 0+∞
the index function of an arbitrary ϕ-function f , we observe that from
lim
x→∞
λ→1
f λx
f x = 1 1
′
it follows that kf λ < +∞ for every λ > 0. Hence we conclude that restric-
tion of any ϕ-function f on interval a+∞ a > 0, which satisﬁes the
relation (1′), belongs to the class ORV of all O-regularly varying functions
(see, e.g., [1, 5, 6]).
Using some results from the papers [6, 7], it is also not difﬁcult to see
that for an arbitrary ϕ-function f the conditions (1) and (1′) are equivalent,
and each of them is equivalent to the continuity of the corresponding index
function kf λ λ > 0.
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In the same papers -regularly varying functions with continuous index
function were considered systematically.
Assume that f and g are two strictly increasing ϕ-functions. Since they
are continuous and strictly increasing, the corresponding inverse functions
f−1 and g−1 are also deﬁned and they are also ϕ-functions. Further assume
that
f x ∼ gx (2)
as x→+∞. We consider the question: Under which conditions do we also
have that
f−1x ∼ g−1x (3)
as x→+∞?
The answer to this question is given by the following lemma. This lemma
also gives a characterization of all strictly increasing functions from the
class Kc .
Lemma. (a) Suppose that f and g are two strictly increasing ϕ-functions,
at least one of the functions f−1 g−1 belongs to the class Kc , and relation (2)
holds. Then also relation (3) holds.
(b) If f is a strictly increasing ϕ-function and for every strictly increasing
ϕ-function g for which (2) is true, relation (3) also holds, then f−1 ∈ Kc and
for every such function g the function g−1 ∈ Kc .
Next, let  be the class of all nondecreasing functions f : a+∞ →
0+∞ a > 0, which are unbounded at +∞. For any function f ∈  the
generalised inverse of f is deﬁned by
f←x = infy ≥ a  f y > x x ≥ f a I
We notice that some other forms of generalised inverses (see, e.g., [2, 5])
coincide to the inverse (I) on the set . In particular, for the continuous,
strictly increasing functions from , we have that f−1x = f←x x ≥
f a.
Next, consider the relation of the strong asymptotic equivalence on the
set . For any function f ∈  let f  be the corresponding equivalence class
of f . The following theorem says that for the inversion of functions deﬁned
by (I), the conclusions of the Lemma also hold if the considered functions
are not necessary continuous and strictly increasing.
Theorem. (a) If f g ∈  and f  = g then f← = g← whenever
one of the functions f←, g← satisﬁes the condition (Sch).
(b) If f ∈  and if f← = g← whenever g ∈  and f  = g then
f← and g← for any such g satisfy the condition (Sch).
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Part (a) of this Theorem as well as part (a) of the Lemma is motivated
by the corresponding result by Balkema et al. [2]. In order to generalize
this result (see also [5, p. 190, 14.(ii) and (iii)]), we involve the next known
class of functions.
Deﬁnition 3. K∗c is the class of all functions f ∈ Kc which for all λ > 1
and all x ≥ x0λ satisfy the condition f x · cλ ≤ f λx for a function
cλ λ > 1 such that cλ > 1.
It is easily seen that the class K∗c does not contain the functions from the
class Kc for which
lim
x→+∞
f λx
f x = 1
for all λ ∈ 1 δ, where δ is a ﬁxed number greater than 1, i.e., the functions
f for which kf λ = 1 for all λ ∈ 1/δ 1.
Any ϕ-function whose restriction on the interval a+∞ a > 0 is in
the class SRV belongs to the class Kc , but does not belong to the class K∗c .
In particular, the class K∗c contains all ϕ-functions whose restriction to the
interval a+∞ a > 0 belongs to the class RV and whose index ρ > 0.
By some results from [11, pp. 276–277] we get that for every strictly
increasing function f ∈ K∗c there holds f−1 ∈ K∗c , i.e., that class of all
strictly increasing functions in K∗c is invariant by inverses, and for any strictly
increasing function f ∈ Kc \K∗c it holds f−1 ∈ Kc .
Consequently, making use of the Lemma we immediately get the next
corollary.
Corollary. If f and g are strictly increasing ϕ-functions and g ∈ K∗c ,
then f x ∼ gx as x→+∞ if and only if f−1x ∼ g−1x as x→+∞.
It is easy to see that if f and g are strictly increasing ϕ-functions, then
the statement of the Corollary holds if and only if g ∈ K∗c .
The above Corollary offers in a sense maximal generalization of the cor-
responding result of Balkema et al. [2] (see [5, p. 190]).
2. PROOFS OF THE RESULTS
Proof of the Lemma. (a) Without loss of generality we can assume
that g−1 ∈ Kc . Assuming next that f x ∼ gx as x→+∞ we have
lim
x→+∞
f x
gx = 1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Whence for any ﬁxed λ > 1 and all sufﬁciently large x we ﬁnd
f x ≥ 1
λ
gx
Now for x such that f−1x is as large as is needed we have f−1x ≤
g−1λx; whence
f−1x
g−1x ≤
g−1λx
g−1x 
Hence we obtain that
lim
x→+∞
f−1x
g−1x ≤ limx→+∞
g−1λx
g−1x = kg−1λ
Since by assumption g−1 ∈ Kc , we have that there holds kg−1λ < +∞
for every λ > 0 and limλ→1+ kg−1λ = 1. Hence
lim
x→+∞
f−1x
g−1x ≤ 1
Analogously we can ﬁnd that
lim
x→+∞
f−1x
g−1x ≥ 1
and consequently
lim
x→+∞
f−1x
g−1x = 1
So (3) holds.
(b) Now assume that f and g satisfy assumptions from (b). By
relation (2) we have that
1 = lim
x→+∞
f−1x
g−1x = limt→+∞
f−1gt
g−1gt
= lim
t→+∞
f−1gt
t
= lim
t→+∞
f−1
(gt/f tf t)
f−1f t 
Next let αt be an arbitrary positive continuous function deﬁned on
interval 0+∞ such that αt ≥ 1 t ≥ 0 and αt → 1+ as t → +∞.
Consider the function βt = αf t t ≥ 0.
If the function ht = f tβt t ≥ 0 is strictly increasing, then it is a
ϕ-function. Since then f t ∼ ht as t →+∞, we ﬁnd that
1 = lim
t→+∞
f−1βtf t
f−1f t = limt→+∞
f−1αf tf t
f−1f t = limp→+∞
f−1αp · p
f−1p 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If ht t ≥ 0 is not strictly increasing, we shall consider the function
rt = max
0≤x≤t
hx t ≥ 0
It is continuous and nondecreasing for all t ≥ 0 and satisﬁes r0 = 0,
rt → +∞ as t →+∞, and rt ≥ βt · f t for every t ≥ 0. Besides, we
shall prove that rt ∼ f t as t →+∞.
Let ε > 0. Then there is a t0 ≥ 0 such that
1 ≤ ht/f t < 1+ ε
and also there is a t1 > t0 such that
ht ≥ max
0≤u≤t0
hu
for all t ≥ t1. Then for every t ≥ t1 and a function vt ∈ t0 t we have
1 ≤ rt
f t =
1
f t max0≤u≤t hu =
1
f t maxt0≤u≤t hu
= hvt
f t ≤
hvt
f vt < 1+ ε
Hence we ﬁnd that rt ∼ f t as t → +∞. Next we deﬁne a function
r1t t ≥ 0 by r1t = rt + ut, where ut = t/4 if 0 ≤ t ≤ 2 and
ut = 1− 1/t if t ≥ 2. Then r1t is a strictly increasing ϕ-function which
satisﬁes r1t ∼ rt ∼ f t as t →+∞. So we get
1 ≤ lim
t→+∞
f−1βtf t
f−1f t ≤ limt→+∞
f−1βtf t
f−1f t
≤ lim
t→+∞
f−1
(
r1t
f t f t
)
f−1f t = 1
Consequently
lim
t→+∞
f−1βtf t
f−1f t = 1
Hence, by using a similar procedure as before, we conclude that
lim
p→+∞
f−1αp · p
f−1p = 1
which means that f−1 ∈ Kc .
Finally, since f−1x ∼ g−1x as x→+∞, we conclude that also g−1 ∈
Kc .
strong asymptotic equivalence 389
Proof of the Theorem. (a) This proof is exactly the same as Lemma (a).
(b) Taking any function f ∈ , consider the functions
g1x = f x −
1
x
 g2x = f x + 1−
1
x
x ≥ a
Then g1x g2x ∈ , both functions are strictly increasing and we have
g1x ≤ f x ≤ g2x x ≥ a g1x ∼ f x ∼ g2x as x→+∞
Consequently g←1 x ∼ g←2 x as x→+∞. Hence, using the same proof
as in Lemma (b) we ﬁnd that both g←1  g
←
2 satisfy the condition (Sch). Since
g←2 x ≤ f←x ≤ g←1 x x ≥ a
we ﬁnd that f←x ∼ g1x as x→+∞. Hence f← satisﬁes the condition
(Sch).
Finally, using very similar procedures, we ﬁnd that for any function g ∈ 
such that f  = g and f← = g←, the function g← satisﬁes condition
(Sch).
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